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ARAKELOV-PARSHIN RIGIDITY OF TOWERS OF CURVE FIBRATIONS
ZSOLT PATAKFALVI
ABSTRACT. Arakelov-Parshin rigidity is concerned with varieties mapping rigidly to the moduli
stack Mh of canonically polarized manifolds. Affirmative answer for any class of maps implies
finiteness of the given class.
This article studies Arakelov-Parshin rigidity on an open subspace of Mh, on the locus KFh of
iterated Kodaira fibrations. First, we prove rigidity for all complete curves mapping finitely onto
KFh. Then, for generic affine curves mapping into KFh, rigidity is shown when deg h = 2. The
method used in the latter part is showing that the iterated Kodaira-Spencer map is injective.
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1. INTRODUCTION
According to Grothendieck’s functor of points point of view, understanding all maps into a space
is equivalent to understanding the space itself. This turns out to be a crucial observation for moduli
spaces with no concrete description, e.g., for the moduli stack Mg of smooth curves of genus g.
Over the complex numbers, the first interesting class of maps into Mg are finite morphisms from
curves. One of the famous conjectures of Shafarevich, now a theorem of Parshin and Arakelov,
concerns this class.
Notation 1.1. Fix an integer g ≥ 2, a smooth (not necessarily projective) curve U , its smooth
compactification B and set ∆ := (B \ U)red.
Theorem 1.2 (Shafarevich Conjecture, [Par68], [Ara71]). In the situation of Notation 1.1,
1
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(1) Finiteness (F): there are finitely many finite maps U →Mg,
(2) Hyperbolicity (H): if U →Mg is a finite map, then
deg ωB(∆) > 0.
Furthermore, (F) was decomposed into two parts by Arakelov and Parshin.
Theorem 1.3 (Finiteness part of Shafarevich conjecture, [Par68], [Ara71]). In the situation of
Notation 1.1,
(1) Boundedness (B): there are finitely many deformation equivalence classes of finite maps
U →Mg,
(2) Rigidity (R): every finite map U →Mg is rigid. That is, its deformation equivalence class
contains only one element.
Note, that there exists also a number field version of Theorem 1.2 [Fal83]. Faltings proved his
famous theorem about finiteness of rational points of smooth curves of genus at least two using
this number field version.
In the last two decades there has been an enormous progress in generalizing the, now classical,
statements of Theorems 1.2 and 1.3 to higher dimensions. In these generalizations, first Mg is re-
placed by its higher dimensional counterpart, the moduli space of canonically polarized manifolds
Mh with fixed Hilbert polynomial h [Vie95]. Note that the compactification of the latter moduli
space is an exciting ongoing project (c.f., [HK10], [Kol10]). In the most general form of higher di-
mensional Shafarevich conjecture, after replacing Mg by Mh, usually arbitrary dimensional bases
are allowed as well. The main subject of the present article is the generalization of (R). However,
let us summarize first what we expect generally in higher dimensions.
Notation 1.4. Fix a numerical polynomial h, a manifold (i.e. smooth variety) U and a smooth
compactification B of U such that ∆ := (B \ U)red is a simple normal crossing divisor.
Conjecture 1.5 (Higher dimensional version of Shafarevich conjecture). In the situation of Nota-
tion 1.4,
(1) (B): there are finitely many deformation equivalence classes of maps U →Mh,
(2) (R): as it will be explained shortly, the obvious generalization fails, however there is
Viehweg’s rigidity conjecture: if ν : U → Mh is a quasi-finite map such that for the
induced family f : X → U , ΩX/U is relatively ample, then f is rigid,
(3) (H) : if U →Mh is quasi-finite, then ωB(∆) is big (or equivalently κ(B,∆) = dimB).
There has been huge progress recently, especially regarding (B) and (H). The former was en-
tirely solved in [KL10], while the latter has been shown up to dimB = 3 in [KK10]. With-
out claiming any completeness, some of the major articles concerning (B) are [BV00], [VZ01],
[Kov02] and [KL10]. A similar list for (H) is [Mig95], [Kov96], [Kov97], [Kov00], [VZ02],
[Kov03b], [Kov03a], [KK08a], [KK10], [KK08b] and [JK11].
Similarly to (B) and (H), (R) has been drawing a decent amount of attention. However, in
contrast to the spectacular results in the other two parts, there is still very little known about (R).
The basic reason is that for higher dimensional moduli spaces U → Mh being quasi-finite is
not enough assumption to obtain rigidity (see Example 2.3 or [VZ05, Theorem 0.3]). Loosely
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speaking some stronger hyperbolicity or variational assumption (or both) is needed. Hence, the
higher dimensional version of (R) is more of a question than a conjecture, and is as follows. For
the precise definition of rigid morphisms and rigid families see Definition 2.2.
QUESTION 1.6. ( (R) IN HIGHER DIMENSIONS) Which maps ν : U → Mh are rigid? We are
particularly interested in rigid maps such that for the associated family f : X → U , all coverings
f ′ : X ′ → U ′ of all quasi-finite pullbacks of f still give rigid maps U ′ →Mh′ .
X
f rigid ⇒⇒⇒⇒⇒⇒⇒⇒⇒

X ×U ′ Xoo

X ′
quasi-finiteoo
rigid
f ′, family of canonically polarized manifolds
vv♠♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠
U U ′
quasi-finite
oo
←manifold
We call such maps stably rigid.
REMARK 1.7. Stable rigidity seems to capture the philosophy of the rigidity condition of Theorem
1.3 (i.e. of the original Shafarevich conjecture). More precisely, stably rigid maps U → Mh
from smooth curves are exactly finite maps by Proposition 2.4. We are expecting similar stability
properties for any good rigidity condition in higher dimensions.
Any positive answer to Question 1.6 yields (F) by (B). More precisely:
Theorem 1.8. [KL10, Theorem 1.6] If for a fixed manifold U and polynomial h, C is a set of rigid
maps U →Mh, then C is finite.
So far, there has been one answer in the literature to Question 1.6, using the iterated Kodaira-
Spencer map iksν of Definition 2.5. It is a notion motivated by Hodge Theory, and in case
deg h = 1 it specializes to the ordinary Kodaira-Spencer map.
Theorem 1.9. [VZ03a, Corollary 8.4], [Kov05, Theorem 4.14] If ν : U → Mh is a map from a
smooth (not necessarily projective) curve such that iksν is injective, then ν is rigid.
Although, Theorem 1.9 is a nice, general rigidity condition, it has certain unsatisfactory aspects.
It is not known if it includes all stably rigid families (c.f., [VZ05, Theorems 0.1 and 0.2]). Also,
we have no geometric understanding of the iterated Kodaira-Spencer map unless deg h = 1 or if
ν corresponds to a family of hypersurfaces (c.f., [VZ05]). Being a notion motivated by Hodge
Theory, understanding the iterated Kodaira-Spencer map is equivalent to understanding certain
aspects of Torelli maps, which is very hard for higher dimensional canonically polarized manifolds.
Therefore, we hope for easier ways to tackle Question 1.6 than via Theorem 1.9.
REMARK 1.10. Connections between variants of the Torelli problem and the Shafarevich con-
jecture have been around since the start of the subject. For example, (H) of Theorem 1.2 over
C follows promptly from the Torelli theorem for curves and the boundedness of the weight one
period domains.
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REMARK 1.11. There is a slight gap between [VZ03a, Corollary 8.4], [Kov05, Theorem 4.14]
and Theorem 1.9. In the mentioned articles a different rigidity property is proven than what is used
here (see Definition 7.1). However, the two rigidity properties turn out to be equivalent for one
dimensional base by Proposition 7.2. Note that during the course of the proof of Proposition 7.2,
we also show higher dimensional Shafarevich conjecture for DM-curve bases in Lemma 7.4.
1.A. Results of the paper
As we have seen, the existing answers to Question 1.6 either concern the hypersurface case or have
no geometric interpretations. In the present article we aim for geometric results in a case very
different from that of hypersurfaces. We analyze the rigidity of towers of curve fibrations. More
precisely, consider the following situation.
Definition 1.12. A tower of curve fibrations is a morphism g : Y → Z fitting in a commutative
diagram
Y = Yn
g
%%gn // Yn−1
gn−1 // . . .
g2 // Y1
g1 // Y0 = Z ,
where all schemes are varieties, gi are projective and the generic fibers of all gi are one dimensional
and connected.
Notation 1.13. Fix a tower of curve fibrations
(1.13.a) X = Xn
f
&&fn // Xn−1
fn−1 // . . .
f2 // X1
f1 // X0 = U ,
such that U is a smooth curve (not necessarily projective) over an algebraically closed field of
characteristic zero, and fi are families of smooth curves with genera at least two. Let ν : U →Mh
be the moduli map associated to f .
REMARK 1.14. Note that in the situation of Notation 1.13, if all fi are families of smooth curves
of genus at least two, then Xu is canonically polarized for all u ∈ U by Proposition 3.1. In
particular, the map ν does exist.
MOTIVATION 1.15. Considering towers of curve fibrations is motivated partially by the follow-
ing fact, which states that all families can be approximated in certain sense by towers of curve
fibrations. Hence, we hope that in the long run, results about towers can be extended to general
families.
By [dJ97, Corollary 5.10] every family h : W → U can be altered to a tower of curve fibrations
as in Definition 1.12 such that gi are semi-stable families of curves. In other words, there is a
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commutative diagram
W
h

Y
g

generically finite, proper
oo
U Z,
generically finite, proper
oo
with g such a tower. This fact would be even more promising if the answer to, the deliberately
vaguely worded, Question 1.16 was yes. It would mean, that every non-rigid family could be
altered to a non-rigid tower of curve fibrations (using [HM06, Corollary 1.4]). Hence stable rigidity
could be determined by examining towers of curve fibrations only.
QUESTION 1.16. If g : W → Z × T is a deformation of the family g0 : Wt0 → Z × {t0} of
canonically polarized manifolds, is there then an alteration of the deformation g into a deformation
of a tower of curve fibrations?
For our second motivation we need some definitions, which will be used extensively throughout
the article.
Definition 1.17. If f : X → U is a family of canonically polarized manifolds, then the variation
of f is Var f := dim(im ν), where ν : U → Mh is the associated moduli map. The family f is
called isotrivial if Var f = 0.
MOTIVATION 1.18. In the situation of Notation 1.13, if n = 2 and Var fi = i, the question of
rigidity is a special case of Viehweg’s rigidity conjecture (e.g., [Sch86, Theorem 2]).
Now, we state the results of the paper. First for the case of a compact U , we have an almost
full characterization of stable rigidity. Unfortunately, there is one possibility, mentioned in the last
sentence of the theorem, which prevents us from giving a very concise answer.
Theorem 1.19. In the situation of Notation 1.13, if U is projective, then
(1) if Var fi ≥ 1 for all i then ν is rigid and
(2) otherwise there is a commutative diagram
X
f

X ′ ∼= W × Y
e´tale
oo
f ′

U U ′
e´tale, finite
oo
where W → U ′ is a family of canonically polarized manifolds, and Y is a positive di-
mensional canonically polarized manifold (the map W × Y → U ′ is the first projection
composed with W → U ′). In particular, if Y is not a rigid manifold, then f ′ is not rigid.
Theorem 1.19 also implies rigidity of a class of compact curves on an open part of Mh. To make
this more precise, we need to list a few more definitions.
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Definition 1.20. A family of iterated Kodaira fibrations over a schemeU is a commutative diagram
as in (1.13.a), such that fi are families of smooth projective curves of genus at least two, and
Var (fi|Xu) ≥ 1 for each i and u ∈ U . The Hilbert polynomial of such a family is h(m) := χ(ωmXu),
which is independent of the choice of u ∈ U . An iterated Kodaira fibration is the special case of a
family of iterated Kodaira fibrations with U = Spec k. The moduli space K˜Fh of iterated Kodaira
fibrations is the stack, for which(
K˜Fh
)
U
=
{
families of iterated Kodaira fibrations
over U with Hilbert polynomial h
}
,
and morphisms of K˜Fh are the natural Cartesian diagrams with arrows at each level of the towers.
This is a Deligne-Mumford stack of finite type over k [Pat12, Proposition 2.9]. Furthermore, there
is a natural forgetful map π : K˜Fh →Mh forgetting all middle levels of the fibrations. Denote the
image by KFh. Then KFh is open in Mh, and the map π : K˜Fh → KFh is e´tale [Pat12, Theorem
1.2].
In fact, by Theorem 5.5, KFh is open and closed in Mh. That is, it is a union of connected
components. Also, it is easy to see that KFh is not empty for infinitely many values of h by Remark
2.1. Furthermore, Theorem 1.19 yields the following rigidity statement for these components.
Corollary 1.21. If ν : U → KFh is a finite map from a smooth projective curve, then ν is rigid.
In the arbitrary base case, for two level towers with maximal variations, the injectivity of the
iterated Kodaira-Spencer map is shown as follows.
Theorem 1.22. In the situation of Notation 1.13, if n = 2 and Var fi = i (i.e. variations are
maximal), then iksν is injective (see Definition 2.5 for the definition of iksν). In particular, then ν
is rigid by Theorem 1.9.
Corollary 1.23. If ν : U → KFh is a finite map from a smooth curve, such that for a local lifting
(i.e., τ is e´tale but not necessarily finite)
(1.23.a) U ′ ν′ //
τ

K˜Fh

U
ν //Mh,
guaranteed by the e´taleness of K˜Fh → KFh, ν ′ corresponds to a tower as in Notation 1.13 with
n = 2 and Var fi = i, then ν is rigid.
An immediate corollary of Theorem 1.19, Theorem 1.22 and Theorem 1.8 is a finiteness state-
ment.
Corollary 1.24. Fixing a smooth curve U and a polynomial h, there are finitely many
• maps U → KFh with projective U ,
• maps U →Mh as in Notation 1.13 with Var fi ≥ 1 and projective U and
• maps U →Mh as in Notation 1.13 with Var fi = i and n = 2.
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REMARK 1.25. In Notation 1.13, singularities are not allowed. Still, in the statements of Theorem
1.22 and Corollary 1.23, singularities are virtually allowed over finitely many points of U . Indeed,
since the assumptions of these statements are not sensible to the restriction of the base, finitely
many points of U can be disregarded. However, even in these two statements, there cannot be
singularities over generic u ∈ U . Note that similar sensibility to singularities can be observed in
Theorem 1.3.2, which fails if maps U → Mg are allowed. So, we suspect that, for example, in
Theorem 1.22 singular fibers of f2 could have not been allowed over generic u ∈ U .
1.B. Organization of the paper
The following two sections are concerned with preparations. In section 2, the basic definitions and
statements left out from Section 1, to avoid technicalities there, are collected. Section 3 is a short
account on the results used in the article about the positivity of the relative canonical sheaves. Then
in Section 4, Theorem 1.19 and Corollary 1.21 is proven. Along doing so, some facts about the
moduli theory of families of canonically polarized manifolds is collected. In Section 5, we prove
the properness of K˜Fh → Mh, needed to deduce Corollary 1.21 from theorem 1.19. Section 6 is
entirely devoted to the proof of Theorem 1.22. Finally, in Section 7 we fill the small gap mentioned
in Remark 1.11.
1.C. Notation
We work over an algebraically closed field k of characteristic zero. All schemes are of finite type
and separated over k unless otherwise stated. For a smooth projective curve C, g(C) denotes its
genus. A manifold is a smooth variety. A variety is an integral, separated scheme of finite type
over k. A curve is a variety of dimension one. A global normal crossing divisor is defined Zariski
locally by
∏
fnii where fi are regular elements and ni are positive integers. A canonically polarized
manifold is a projective manifold Z with ample ωZ . The Hilbert polynomial of a canonically
polarized manifold Z is h(n) := χ(ωnZ). The Kodaira and log Kodaira dimensions of a variety Z
or a pair (Z,∆) are denoted by κ(Z) and κ(Z,∆), respectively. For a line bundle L , its Iitaka-
Kodaira dimension is denoted by κ(L ). We say, the variation of a family g : Y → Z is maximal
if Var g = dimZ. A vector bundle E on Y is ample over an open set U , if there is an ample
line bundle L and a homomorphism L ⊕N → Sn(E ) to some symmetric power of E , which is a
surjection over U . E is ample if it is ample over Y . We denote by Mg and Mh the moduli stacks
of smooth projective curves of genus g and canonically polarized manifolds of Hilbert-polynomial
h, respectively. Note that deg h is the dimension of the varieties parametrized by Mh.
1.D. Acknowledgments
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2. BASIC CONCEPTS
Here we collect some basic definitions and constructions mentioned in Section 1, which being
slightly technical were omitted from there. We start with showing that KFh is not empty for
infinitely many values of h.
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REMARK 2.1. To see that KFh is not empty for infinitely many values of h, note that there are
non-isotrivial smooth curve fibrations p : Z → Y over projective curves such that both Y and the
fibers of p have genus at least two [BPVdV84, V.14]. Furthermore, for infinitely many values of
the fiber genus can be achieved. Define then
Xi :=

Z ×Y Z ×Y · · · ×Y Z︸ ︷︷ ︸
i− 1 times
if i ≥ 2
Y if i = 1
Spec k if i = 0.
and fi : Xi → Xi−1 the natural projection maps onto the first i − 1 factors (or the adequate
structure maps if i = 1 and 2). This yields a commutative diagram as (1.13.a) which is an iterated
Kodaira fibration by the choice of p. For different choices of p we obtain infinitely many values of
h, because the leading coefficient of h is K
n
Xn
n!
, and furthermore KnXn ≥
∏n
i=1 f
∗
n,iKXi/Xi−1 = g
n
,
where fn,i : Xn → Xi are the natural maps and g is the genus of the fibers of p.
Next we give the precise definition of rigidity.
Definition 2.2. A morphism f : X → Y between Deligne-Mumford stacks is rigid, if for every
deformation f ′ : X×S → Y over a smooth irreducible curve S, f ′s = f for every s ∈ S. A family
f : X → U of canonically polarized manifolds is rigid, if the associated moduli map U → Mh is
rigid.
Next we show the promised example about why maximal variation does not imply rigidity for
higher dimensional fibers.
EXAMPLE 2.3. Consider two non-isotrivial families f : S → C and g : T → D of smooth
projective curves of genera at least two with smooth projective bases of genera at least two. Such
families exist (e.g., [BPVdV84, Section V.14]). Consider f × g : S × T → C ×D. It is a family
of canonically polarized surfaces over C × D. Moreover, since by [HM06, Corollary 1.4], from
a fixed variety there are only finitely many dominant maps onto varieties of general type up to
birational equivalence, the restriction of S×T → C ×D to {c}×D or C ×{d} are non-isotrivial
for any c ∈ C and d ∈ D. So, fix any d ∈ D. Then S × T → C ×D is a non-trivial deformation
of the non-isotrivial family S×Td → C×{d} ∼= C of canonically polarized manifolds. However,
since dimC = 1, here non-isotrivial means having maximal variation. So, maximal variation does
not imply rigidity in case of higher dimensional fibers.
The next proposition was promised after the statement of Question 1.6 and justifies the intro-
duction of stable rigid maps.
Proposition 2.4. A map ν : U → Mg, for g ≥ 2, from a smooth curve is stably rigid, if and only
if it is finite.
Proof. From Theorem 1.3, using that non-isotriviality is stable under pulling back and taking cover
([HM06, Corollary 1.4]), follows the backwards direction. To see the forward direction, assume ν
is not finite, i.e., the associated family f : X → U
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Y := X , U := U , S := Spec k), there is a finite e´tale cover T → U , such that there is a diagram
X ×U T

oo
∼= // T × F

T T
for some smooth projective curve F of genus at least two. Then by deforming F , we get a defor-
mation of X ×U T → T . That is, f is not stably rigid. 
The rest of the section is devoted to the definition of the iterated Kodaira Spencer map. It is the
main object of Section 6.
Definition 2.5. If g : Y → Z is a proper, smooth morphism of relative dimension n over a smooth
base, then for 1 ≤ p ≤ n, by [Har77, Exercise II.5.16] ∧pTY has a filtration
0 = F p0 ⊆ F
p
1 ⊆ · · · ⊆ F
p
p ⊆ F
p
p+1 = ∧
p
TY
by locally free sheaves such that the induced quotients are
(2.5.a) F pi+1
/
F
p
i
∼= (g∗ ∧i TZ)⊗ (∧
p−i
TY/Z).
Consider then the short exact sequences
(2.5.b) 0 // ∧pTY/Z // F p2 // g∗TZ ⊗ ∧p−1TY/Z // 0 .
Tensor these with g∗T ⊗n−pZ to get the exact sequences
(2.5.c) 0 // g∗T ⊗n−pZ ⊗ ∧pTY/Z // g∗T ⊗n−pZ ⊗F p2
// g∗T ⊗n−p+1Z ⊗ ∧
p−1TY/Z
// 0.
Denote by ρp the edge maps
ρp : T
⊗(n−p+1)
Z ⊗ R
p−1g∗(∧
p−1
TY/Z)→ T
⊗(n−p)
Z ⊗R
pg∗(∧
p
TY/Z)
obtained by applying higher pushforwards to (2.5.c). Then the Kodaira-Spencer map
ksg : TZ → R
1g∗TY/Z
of g is the edge map of (2.5.b) for p = 1. The iterated Kodaira-Spencer map
iksg : T
⊗n
Z → R
ng∗(∧
n
TY/Z)
of g to be ρn ◦ · · · ◦ ρ1. We also define the i-th iterated Kodaira-Spencer map
iksig : T
⊗n
Z → T
⊗(n−i)
Z ⊗ R
ig∗(∧
i
TY/Z)
by ρi ◦ · · · ◦ ρ1. In particular, if g is a family of canonically polarized manifolds and ν : Z →Mh
is the associated moduli map, then iksν := iksg.
REMARK 2.6. In the case when dimZ = 1, F p2 = ∧pTY .
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REMARK 2.7. There is another way to define iksg. It is the composition of the n times product of
ksg and of the wedge product:
T
⊗n
Z
iksg
))
ksf ⊗···⊗ksf
// (R1g∗TY/Z)
⊗n
∧
// Rng∗(∧
nTY/Z)
The equivalence of the two definitions can be proven using ˇCech or Dolbeault cohomology.
3. POSITIVITY PROPERTIES OF THE RELATIVE CANONICAL SHEAF
In this section certain positivity results are collected, some of which have already been used, and
others will be used frequently later on. First, a statement about the relative canonical sheaves of a
family of canonically polarized manifolds.
Proposition 3.1. If f : X → B is a family of canonically polarized manifolds with B smooth,
projective, then ωX/B is nef.
Proof. It is known that f∗ωX/B is a nef vector bundle (e.g., [Vie83, Theorem 4.1]). Then, since
ωX/B is relatively ample, there is some n > 0 such that ω⊗nX/B is relatively globally generated. That
is, there is a surjection f ∗f∗(ω⊗nX/B)→ ω⊗nX/B , which shows the nefness of ωX/B . 
Next, another statement about the pushforwards of tensor powers of the relative canonical sheaf.
Lemma 3.2. [VZ02, Proposition 3.4] If f : X → B is a family of canonically polarized manifolds
with B smooth, projective and Var f = dimB, then for any ν > 1, for which f∗(ωνX/B) 6= 0,
f∗(ω
ν
X/B) is ample with respect to the open subset U ⊆ B, where the moduli map B → Mh is
quasi-finite.
Corollary 3.3. In the situation of Lemma 3.2, ωX/B is ample with respect to f−1U .
Proof. Since ωX/B is relatively ample, ωnX/B is relatively globally generated for n ≫ 0. Choose
such an n. Then there is a surjection
ωX/B ⊗ f
∗f∗(ω
n
X/B)→ ωX/B ⊗ ω
n
X/B
∼= ωn+1X/B,
which yields the statement of the lemma using Proposition 3.1 and that relatively ample nef line
bundle tensored with the pullback of an ample vector bundle over U is ample over f−1U . 
Corollary 3.4. If f : X → B is a family of canonically polarized manifolds of dimension n with
B smooth and projective, then κ(ωX/B) = Var f + n.
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Proof. Let ν : B →Mh be the moduli map. One can construct a commutative diagram
X˜
ξ⑧⑧
⑧⑧
⑧⑧
⑧⑧
ζ //
f˜

Y

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
X
f

// Uh

B˜
φ
quasi-finite, surjective→
⑧⑧
⑧⑧
⑧⑧
⑧⑧
η
surjective // D
ψ
quasi-finite~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
B ν
//Mh
,
where all “vertical” squares are Cartesian, Uh is the universal family over Mh and D is a smooth,
proper scheme [Vie95, Theorem 9.25]. Since all vertical maps are smooth, all relative canonical
sheaves are compatible with pullbacks. By Corollary 3.3, ωY/D is big. Hence
κ(ωX/B) = κ(ξ
∗ωX/B)︸ ︷︷ ︸
Kodaira dimension does
not change by pulling back
= κ(ωX˜/B˜)︸ ︷︷ ︸
ωX˜/B˜
∼=ξ∗ωX/B
= κ(ζ∗ωY/D)︸ ︷︷ ︸
ωX˜/B˜
∼=ζ∗ωY/D
= κ(ωY/D) = dimY = dimD + n = Var f˜ + n = Var f + n

4. COMPACT BASES
In this section the compact base case (i.e. Theorem 1.19 and Corollary 1.21) is treated. Having a
projective base allows us to use certain techniques not available in the general case. More precisely,
the set of families of canonically polarized manifolds with fixed Hilbert polynomial form a nice
moduli space if the base is projective. This is worded by the following lemma. However, first some
preparation is necessary.
Fix a projective manifold B, and a polynomial h. One can define a moduli functor MB,h of
families of canonically polarized manifolds with Hilbert polynomial h by
MB,h(T ) :=
f : X → B × T
∣∣∣∣∣∣
f is a smooth morphism, ωf is f -
ample, and χ(ωnf |X(b,t)) = h(n) for
every n ∈ Z and (b, t) ∈ B × T

One can also give a natural category fibered in groupoid structure to this functor which we also
denote by MB,h. Then the following lemma holds.
Lemma 4.1. MB,h ∼= Hom(B,Mh) as categories fibered in groupoids, where Hom(B,Mh) is
the Hom-stack ([Ols06b, Lines 1-4]). In particular by [Ols06b, Theorem 1.1], MB,h is a Deligne-
Mumford stack, locally of finite type over k.
The next corollary is the reason why a locally of finite type DM stack structure on MB,h is
useful.
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Corollary 4.2. If f : X → B is a family of canonically polarized manifolds with Hilbert polyno-
mial h over compact B, then f is rigid (according to Definition 2.2) if the infinitesimal deformation
space T 1(f,MB,h) of f is zero.
The expression for T 1(f,MB,h) can be found for example in [Ols06a, Theorem 1.1]. Then using
that LX/B ∼= ΩX/B in this case, one gets the following corollary.
Corollary 4.3. A family f : X → B of canonically polarized manifolds over a compact base is
rigid if H1(X,TX/B) = 0.
Lemma 4.4. If f : Y → S × U is a family of canonically polarized manifolds with U a manifold
and S a projective manifold, such that W := Yu → S × {u} ∼= S are isomorphic for all u ∈ U
as schemes over S, then there is a finite e´tale cover T → U from a variety, such that the following
isomorphisms holds
(4.4.a) Y ×S×U S × T ∼= Y ×U T

oo
∼= // W × T

S × T S × T
Proof. Define the S-scheme W := Yu → S × {u} ∼= S, for some choice of u ∈ U . Let h be the
Hilbert polynomial of W → S. By Lemma 4.1 we know that MS,h is DM stack of finite type. In
particular it has an e´tale (not necessarily finite) cover π : V → MS,h by a scheme. Fix this cover
π. Note that then (π−1([W → S]))red is a zero dimensional reduced scheme of finite type, and
then also proper over MS,h.
The family Y → S × U defines a map U → MS,h with zero dimensional image. Define
U˜ := U ×MS,h V . Note that U˜ is a scheme, and U˜ → U is e´tale. Hence, U˜ is smooth, and
then U˜ → MS,h factorizes through (π−1([W → S]))red. That is, in the definition of U˜ , V can
be replaced by (π−1([W → S]))red. With other words, U˜ ∼= U ×Mh,S (π−1([W → S]))red. In
particular, U˜ is the disjoint union of manifolds that are proper over U . Choose any of these, and
define it to be T . Then T factorizes through a point of (π−1([W → S]))red, which implies, that the
associated family to T → MS,h is the trivial family W × T → S × T . However, T → MS,h also
factorizes through U →MS,h, which gives us the isomorphism (4.4.a). 
Lemma 4.5. If f : Y → S × U is a family of curves of genus at least two with U a manifold
and S a projective manifold, such that for some u ∈ U , the restriction W := Yu → S × {u}
is non-isotrivial, then there is a finite e´tale cover T → U from a variety, such that the following
isomorphisms holds
Y ×S×U S × T ∼= Y ×U T

oo
∼= // W × T

S × T S × T
Proof. First, notice that
H1(W,TW/S) ∼= H
1(W,ω−1W/S) = 0,
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by [EV92, Corollary 5.12.c] and Corollary 3.4. Hence, by Corollary 4.3, W → S is rigid. That is,
for any u ∈ U , Y |S×{u} ∼= W as schemes over S. Applying Lemma 4.4 concludes the proof. 
Lemma 4.6. If f : X → U is a smooth map onto a smooth curve, then for the Stein-factorization
X
g //
f
!!
U ′
h // U,
the following holds: U ′ is a smooth curve, g is smooth and h is e´tale.
Proof. Since X is normal, so is U ′. Then, one obtains smoothness of U ′ by the equivalence of
normality and smoothness in dimension one. For the rest of the statements, take any point P ∈ X .
Then there is a diagram of tangent maps
TX,P
Tg,P //
Tf,P
((
TU ′,g(P )
Th,g(P ) // TU,f(P ) .
Since the two tangent spaces on the right are one dimensional and the composition map is sur-
jective, the only way to make the diagram commutative, if Th,g(P ) is isomorphism and Tg,P is
surjective. This proves everything stated in the proposition. 
Proof of Theorem 1.19. First we prove, that if all Var fi ≥ 1, then f is rigid. By Corollary 4.3,
it is enough to show that H1(X,TX/U ) = 0. Call gi the maps fi+1 ◦ · · · ◦ fn : X → Xi. Then
TX/U has a filtration the quotient sheaves of which are g∗iTXi/Xi+1 . Hence it is enough to prove
that H1(X, g∗iTXi/Xi+1) = 0 for all i. This follows from Proposition 3.1, Corollary 3.4 and the
vanishing theorem [EV92, Corollary 5.12.c].
We prove the other direction (or other statement) by induction on n. For n = 1 it is true by
Lemma 4.4. So, assume that n is arbitrary, and the statement is true for n− 1. Then there are two
possibilities. fn is either isotrivial or not. If it is isotrivial, then let F be its fiber. By applying first
Lemma 4.4 one obtains the upper Cartesian square of the following diagram, and then Lemma 4.6
gives the lower factorization X ′n−1 → U ′ → U .
X

F ×X ′n−1

oo
Xn−1

X ′n−1e´tale
oo
family of canonically polarized manifolds

U U ′
e´tale, finite
oo
As it is indicated on the diagram, X ′n−1 → U ′ has canonically polarized fibers, since all its fibers
are e´tale covers of fibers of Xn−1 → U . So, by setting W := X ′n−1 and Y := F , the inductional
step is proven if fn is isotrivial.
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If fn is not isotrivial, then there must be some other i, for which fi is isotrivial. However, then
using the inductional hypothesis, there is a diagram as follows.
Xn−1

X ′n−1 := Wn−1 × Yn−1e´tale
oo

U U ′′
e´tale, finite
oo
Here Yn−1 is a positive dimensional canonically polarized manifold, the map Wn−1 → U ′′ is a
family of canonically polarized manifolds and Wn−1 × Yn−1 → U ′′ is the composition of the first
projection with the map Wn−1 → U ′′. Define X ′ := X ×Xn−1 X ′n−1. Since X → Xn−1 is not
isotrivial, same holds for X ′ → X ′n−1. Then, there is either a w ∈ Wn−1 or a y ∈ Yn−1, such that
X ′ → X ′n−1 is non-isotrivial over {w} × Yn−1 or Wn−1 × {y}. Assume first, that the first case
is happening. Define then Y := X ′|{w}×Yn−1 . By Lemma 4.5, we obtain a Cartesian diagram as
follows.
Xn−1

W × Y
e´tale, finite
oo

X ′n−1 := Wn−1 × Yn−1 W × Yn−1e´tale, finite
oo
Then by taking Stein factorization of W → U ′′ and using Lemma 4.6, we get the following dia-
gram, where the preceding construction is also included and which proves the inductional step if
X ′ → X ′n−1 was non-isotrivial over {w} × Yn−1.
X

X ′
e´tale, finite
oo

W × Y

e´tale, finite
oo
Xn−1

X ′n−1 = Wn−1 × Yn−1
oo

W × Yn−1

e´tale,
finite
oo

U U ′′
e´tale, finite
oo U ′
e´tale, finite
oo
We conclude the proof with the case when X ′ → X ′n−1 is non-isotrivial over Wn−1 × {y}. Then,
define W := X ′|Wn−1×{y}. Using Lemma 4.5 again yields the following diagram, where the left
top square is Cartesian.
X

X ′oo

W × Y ′n−1

oo
Xn−1

X ′n−1 = Wn−1 × Yn−1
oo

Wn−1 × Y
′
n−1
oo
U U ′′oo
Setting Y := Y ′n−1 and U ′ := U ′′ yields the result in this case too. 
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Proof of Corollary 1.21. Corollary 1.21 is really a corollary of the Proof of Theorem 1.19 instead
of the statement itself. Recall that we really proved not only the rigidity of U → Mh in the
situation of Notation 1.13 when Var fi ≥ 1, but also its infinitesimal rigidity.
Let us get back now to the statement of Corollary 1.21. First we show that there is a lifting as
follows, where U ′ is another smooth curve mapping finitely to U .
(4.6.a) U ′ ν′ //
τ

K˜Fh

U
ν //Mh,
Indeed, by Theorem 5.5, K˜Fh → Mh is proper and by Lemma 5.16, it is also representable by
algebraic spaces. Hence if we set U ′ := U ×Mh K˜Fh, then U ′ is an algebraic space, finite and e´tale
over U . In particular, it is smooth of dimension one, and hence it is a scheme, more precisely a
projective curve.
Given a lifting as in (4.6.a), ν ◦ τ is infinitesimally rigid according to the proof of Theorem 1.19.
That is, for the induced family f ′ : X ′ → U ′, H1(X ′,TX′/U ′) = 0. Let f : X → U be the family
induced by ν. Then X ′ = X ×U U ′, so in particular TX′/U ′ ∼= (τ ′)∗TX/U , where τ ′ is the natural
projection map X ′ → X . So, the following computation implies that ν is infinitesimally rigid and
hence rigid as well.
0 = H1(X ′,TX′/U ′) = H
1(X, τ ′∗TX′/U ′)︸ ︷︷ ︸
τ and hence τ ′ is finite
= H1(X, τ ′∗(τ
′)∗TX/U )︸ ︷︷ ︸
TX′/U′
∼=(τ ′)∗TX/U
= H1(X, τ ′∗OX′ ⊗TX/U )︸ ︷︷ ︸
projection formula
←֓ H1(X,OX ⊗ TX/U )︸ ︷︷ ︸
splitting OX → τ ′∗OX′ given
by the trace map
= H1(X,TX/U )

5. RELATIVE PROPERNESS OF THE MODULI SPACE OF ITERATED KODAIRA FIBRATIONS
In this section we show that the natural forgetful map π : K˜Fh →Mh, defined in Definition 2.5,
is proper. In particular, KFh is closed in Mh, and then consequently it is a connected component
of Mh. This is used for example to conclude Corollary 1.21 from Theorem 1.19.
Notation 5.1. Choose a connected component Y of K˜Fh. Consider a tower
X = Xn
fn // Xn−1
fn−1 // . . .
f2 // X1
f1 // X0 = Spec k ∈ Y(Spec k),
and the following two groups of numerical invariants: the genus gi of the fibers of fi and the degree
di := deg
(
νi|(Xi−1)y
)∗
λgi, where y ∈ Xi−2 is arbitrary, νi : Xi−1 → Mgi is the moduli map of fi,
and λg is an ample line bundle on Mg. By flatness these invariants are independent of the chosen
tower. Hence, there is a proper DM-stack
(5.1.a) M := Mbalancedg1,0 (Mbalancedg2,0 (. . . (Mgn,0, dn) . . . ), d2),
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compactifying Y, given by the iterated use of the Abramovich-Vistoli construction of stable maps
[AV00, AV02]. Let Y be the closure of Y in M. Note that we used the characteristic zero assump-
tion for M to be a DM-stack.
The objects of M defined in Notation 5.1 over a test scheme U are towers
(5.1.b) X = Xn f˜n // Xn−1
f˜n−1 // . . .
f˜2 // X1
f˜1 // X0 = U ,
where
(1) all Xi are DM-stacks,
(2) f˜n is a family of stable curves
(3) for 1 ≤ i ≤ n − 1, f˜i are flat families of DM-stacks with one dimensional, geometrically
connected fibers with only smooth and nodal singularities,
(4) for 1 ≤ i ≤ n − 1, the coarse moduli spaces of the fibers of f˜i are stable curves and
the only possible stack structure of these fibers appears over the nodes, where it is e´tale
locally isomorphic to a (stack) quotient of Spec
(
k[x, y]
/
(xy)
)
, by the action of µr via
(ξx, ξ−1y), and finally
(5) the induced µr action on the fibers of
X = Xn
f˜n // Xn−1
f˜n−1 // . . .
f˜i+1 // Xi ,
as points of
Mbalancedgi+1,0 (M
balanced
gi+2,0
(. . . (Mgn,0, dn) . . . ), di+2),
over the nodes of the fibers of fi has to be essential, that is, faithful.
It should be noted that the last condition is included only for the sake of completeness and will not
be used in our proofs.
One may also consider the coarse moduli tower of a tower as in (5.1.b), obtaining a commutative
diagram as follows.
(5.1.c) X = Xn f˜n //
pin

Xn−1
f˜n−1 //
pin−1

. . .
f˜2 // X1
f˜1 //
pi1

X0 = U
X = Xn
fn // Xn−1
fn−1 // . . .
f2 // X1
f1 // X0 = U
,
This process would yield a morphismM→Mh to the moduli space of stable varieties with Hilbert
polynomial h, as soon as we proved that X → U of (5.1.c) is a stable family. This is shown in
Theorem 5.4. For a quick introduction to stable varieties we refer to [Kol10] and [Kol13].
Notation 5.2. In the situation of Notation 5.1, Let ρ : M → Mh be the morphism given by the
above considerations and ρ := ρ|Y. By abuse of notation we also denote by ρ the restriction ρ|Y.
Before proving Theorem 5.4, we collect all the properties of the towers (5.1.b) that are used in
the following proofs.
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Fact 5.3. For any scheme U over k and any element of M(U), using the notations of (5.1.c), the
following holds.
(1) For the smooth towers, i.e., for which all f˜i are smooth, Xi → Xi is an isomorphism for
all i.
(2) If X1 is smooth over U at a point P , then X1 → X1 is isomorphism over P .
(3) For each u ∈ U , the coarse moduli map Xu → Xu is an isomorphism at the general points
of Xu and furthermore, these points are smooth.
(4) For each u ∈ U , the singular (i.e., not regular) codimension one points of Xu map onto
singular codimension one points of Xu.
(5) For each u ∈ U , the map Xu → Xu is an isomorphism over the regular codimension 1
points of Xu.
Proof. (1) Follows from the definition.
(2) By definition, the points of X1 where X1 → X1 is not an isomorphism as well as the
images of these points in X1 are nodal over U .
(3) Immediate from the fact that f˜i are smooth families of schemes in relative codimension
zero over Xi−1. Note also that taking coarse moduli space is compatible by base-change
according to [AOV08, Corollary 3.3].
(4) Instead of writing u in subindex everywhere in the proof, let us assume that U is the spec-
trum of a field (of characteristic zero). We show the statement by induction on n. If n = 1,
the statement is automatic, since X = X . So, assume n > 1. Let P be a codimension one
point of X , and Q its image in X1. There are two cases.
• If Q is a smooth point, then X1 → X1 is isomorphism at Q (by point (2)) and P is
either a general or a codimension 1 point in XQ. In the former case P is smooth in
XQ by point (3), and then it is also smooth in X , which cannot happen. On the other
hand, in the latter case P has to be not only singular in X but also in XQ. Hence, it
maps to a singular point of XQ by the inductional assumption. However, this means
that P maps to a singular point of X as well, because Q has to be a general point of
X1 and hence OXQ,P ∼= OX,P .
• If Q is a node. Then P is a general point of XQ. However, then the image Q′ of Q in
X1 is also a node, and P maps to a general point P ′ of XQ′ . So, X is flat over a node
at P ′, which implies that it has to be singular at P ′.
(5) Again, instead of writing u in subindex everywhere in the proof, let us assume that U is the
spectrum of a field. We also prove by induction on n. From the analysis of the previous
point we see that if P ′ ∈ X is a regular codimension 1 point, then its image Q in X1 has to
be regular as well, and furthermore, X1 → X1 is isomorphism at Q. There are two cases
depending on whether Q has codimension 1 or 0. In the first case P ′ is a general point in
XQ, and hence by point (3) XQ → XQ is isomorphism over P ′. In the second case P ′
is a codimension one point of XQ. Since XQ is a general fiber and P ′ is regular in X , it
also has to be regular in XQ. However, then by the inductional hypothesis, we obtain the
same conclusion: XQ → XQ is isomorphism over P ′. So, in both cases we have arrived
to this same conclusion: XQ → XQ is isomorphism over P ′. We claim that using that P ′
is a regular point, it follows that also X → X is an isomorphism over P ′. Using [AV02,
Lemma 2.2.3], this is equivalent to showing that if Y → Z is a morphism of schemes over
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the scheme B, P ∈ Z is a regular point mapping to Q in B, Y is Cohen-Macaulay and
YQ → ZQ is e´tale over P , then so is Y → Z. However, the above translation is true,
since by the regularity and Cohen-Macaualayness assumption Y → Z and YQ → ZQ are
flat [Har77, Exercise III.10.9], and hence e´taleness at P is equivalent to unramifiedness
[Har77, III.10.3]. However, unramifiedness over P of YQ → ZQ and Y → Z is equivalent.

Theorem 5.4. For any element of M(U) as in (5.1.b), the family X → U obtained by taking
coarse moduli spaces as in (5.1.c) is a stable family.
Proof. First, we review what a stable family is. A scheme W is a stable scheme if it has slc
singularities [Kol13, Definition-Lemma 5.10] and ωW is ample. Note that ωW in this case is not a
line bundle, only a Q-line bundle, that is ω[m]W := (ωmW )∗∗ is a line bundle for some m ∈ Z>0. A flat
family V → Y is stable, if all its fibers are stable schemes and ω[m]V/Y is flat and compatible with
arbitrary base change for every m ∈ Z.
After the above preliminary review, we may start the proof. Fix an element of M(U) as in
(5.1.c). First, we claim that ω[m]X/U is a flat and relatively Cohen-Macaulay Q-line-bundle for every
m ∈ Z. Note at this point that since X → U is a tower of relatively Gorenstein families, X is
relatively Gorenstein overU as well. That is, it is relatively Cohen-Macaulay overU and ωX /U is a
line bundle. Furthermore, by Corollary 5.14, ωm
X /U
∼= π[∗]ω
[m]
X/U . In particular, then by Lemma 5.7,
using that the fibers of X → U are G1 and S2 because of Lemma 5.12, ω[m]X/U is relatively Cohen-
Macaulay and flat over U for every m ∈ Z. Note now that since X is a DM-stack, there is an N ,
such that ωN
X /U descends to a line bundle L on X . That is, for this N , π∗L ∼= ωNX /U . However
then, since ωX/U is a line bundle in relative codimension one and also in relative codimension one
the isomorphism π∗ωX/U ∼= ωX /U holds, in codimension one we have ω[N ]X/U ∼= π∗ωNX /U ∼= L .
Thus, since both ω[N ]X/U and L are flat and relatively S2, they are isomorphic globally by [HK04,
Proposition 3.5]. That is, ω[N ]X/U is a Q-line bundle indeed, which finishes the proof of the claim.
Now, we use the claim to show that X → U is stable. First, to show that for every u ∈ U ,
Xu is slc, by Lemma 5.9, Lemma 5.12 and Lemma 5.13.1, we are supposed to show that KXu is
Q-Cartier. However, this is the special case of the above claim when the base is a point.
Next step is to show that ωXu is ample for every u ∈ U . Since, by the proof of the claim,
π∗ω
[N ]
Xu
∼= ωNXu , it is enough to show that for any tower as in (5.1.b), ωXi/Xi−1 is nef and f˜i-
ample for all 2 ≤ i ≤ n (recall that a line bundle is ample on a DM-stack if some of its power
descends to an ample line bundle on the coarse moduli space). By [Vis89, Proposition 2.6], there
is a finite cover Y → Xi−1 by a scheme. Then, ω(Xi)Y /Y is the pullback of ωXi/Xi−1 , hence it is
enough to prove the nefness and relative ampleness of the former. However, that is obvious, since
(Xi)Y → Y is a family of stable curves over a scheme. This concludes the proof of the stability
of Xu.
We are left to show that ω[m]X/U is flat and compatible with base change. We have already proved
that it is relatively Cohen-Macaualay and flat. Then, [HK04, Corollary 3.8] concludes our proof.

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The following is the main theorem of the section. See Definition 1.20 for the definition of the
space of iterated Kodaira fibrations K˜Fh and of the forgetful map π.
Theorem 5.5. The natural forgetful map π : K˜Fh →Mh is proper.
Proof. It is enough to show that π is proper on every component of K˜Fh. So, choose a connected
component Y of K˜Fh as in Notation 5.1. Using Notations 5.1 and 5.2, π|Y agrees with the map
ρ, which according to Theorem 5.4, can be put into a commutative diagram of Deligne-Mumford
stacks as follows.
Y //
ρ

Y
ρ

Mh //Mh
Since both Y and Mh are proper, so is ρ. In particular, then ρ−1(Mh) is proper over Mh. Therefore,
it is enough to show that the two open substacks Y and ρ−1(Mh) of Y coincide, or equivalently
that the natural map between the isomorphism classes of their k-points is a bijection.
Fix a tower as in (5.1.b) over U = Spec k, such that
(1) there is a one-parameter family
X ′ = X ′n
f ′n // X ′n−1
f ′n−1 // . . . // X ′1
f ′1 // X ′0 = V
X ′ = X ′n
f˜ ′n //
pi′n
OO
X ′n−1
f˜ ′n−1 //
pi′n−1
OO
. . . // X ′1
f˜ ′1 //
pi′1
OO
X ′0 = V,
the fiber of which over 0 ∈ V is our fixed tower and its coarse moduli space tower (as in
(5.1.c)) and over any other v ∈ V the fibers are smooth towers (as defined in Fact 5.3.1,
and
(2) furthermore the total space X = X ′0 of is smooth.
We are supposed to prove that the central fiber is a smooth tower as well, that is, all the morphisms
f˜i of the central stacky tower are smooth.
We prove this statement by induction. For n = 1 the above statement is obvious, since then
smoothness of X implies that X = X . For n > 1, there is a smooth dense open subset W ⊆ X1,
such that X → X1 is smooth over W (here we use the notations of (5.1.c)). Furthermore by Fact
5.3.2, X1 → X1 is an isomorphism over W . Fix then a closed point w ∈ W and choose a smooth
curve C → X ′1 through w meeting X1 transversally. Pulling back everything over C, we put
ourselves in the same situation but for n replaced by n− 1. Hence, by the inductional hypothesis
all (f˜i)w are smooth. Hence by the openness of smoothness, f˜i are smooth over W . In particular
for i ≥ 2, f˜i : Xi → Xi−1 are smooth over a non-empty open set of Xi−1. Furthermore, Xi are
irreducible, since they are the surjective image of the irreducible X , and then Xi are irreducible
as well. Therefore, Lemma 5.15 applies, whence f˜i are smooth for i ≥ 2. But then if there was a
nodal point of X1 (or equivalently of X1), X could not be smooth, which finishes our proof. 
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REMARK 5.6. In Definition 1.20, in the definition of iterated Kodaira fibrations Var (fi|Xu) is
assumed. This assumption is not used anywhere in the current section and also not in [Pat12,
Theorem 1.2], where it is shown that K˜Fh → KFh is e´tale. Hence the results of the current section
and the consequence that KFh consists of connected components of Mh are valid without assuming
the above variational assumption.
5.A. Lemmas
Here we list a few lemmas used in the main statements of this section. The first one is specifically
designed to prove that ω[m]X/U is relatively Cohen-Macaulay for coarse moduli towers as in (5.1.c).
Lemma 5.7. Consider the following setup.
• X is a (tame) Deligne-Mumford stack, flat over a scheme U , with coarse moduli space
π : X → X ,
• X is relatively S2 and G1,
• F is a reflexive coherent sheaf on X , locally free in relative codimension one,
• the reflexive pullback π[∗]F := (π∗F )∗∗ is flat and relatively Sr for some r ≥ 2.
In the above situation F is a flat and relative Sr sheaf over U .
REMARK 5.8. Note that a coherent sheaf by definition is Sr on a Deligne-Mumford stack if it is
Sr on some (or equivalently every) e´tale atlas. The property G1 (Gorenstein in codimension one)
is defined the same way. The word relative means that instead of requiring F be Sr or G1 on the
total space, we require it to be Sr or G1 on every fiber.
Proof of Lemma 5.7. There is a natural map α : π∗F → (π∗F )∗∗. The composition of the push-
forward of this map with the other natural map F → π∗π∗F gives a homomorphismβ : F → π∗(π[∗]F ).
Note that since F is locally free in relative codimension one, the natural homomorphism α is iso-
morphism in relative codimension one. By the projection formula, using that π∗OX ∼= OX , the
same holds for F → π∗π∗F , and hence for β. Furthermore, by [Pat12, Lemma 3.7] and our
assumption, π∗(π[∗]F ) is flat and relatively Sr. That is, β is a morphism between a reflexive and
a flat, relative S2 sheaf which is isomorphism in relative codimension one. In particular, then it
is an isomorphism by [HK04, Proposition 3.6.2], which shows that F is flat and relatively Sr
indeed. 
The following lemmas prove demi-normality of certain schemes and stacks. The role of demi-
normal for slc singularities is the same as of normal for log canonical singularities. The difference
between the two is that demi-normal allows slightly worse singularities in codimension one, and
consequently for example multiple irreducible components. A scheme X is demi-normal if it is
S2 and all its points of codimension at most one are regular or nodal [Kol13, Definition 5.1]. Note
also that if U → V is a surjective e´tale map, then U is demi-normal if and only if so is V . Hence
we may define a stack to be demi-normal if it has a demi-normal e´tale atlas. In this case all e´tale
neighborhoods of the stack will be demi-normal.
Lemma 5.9. The towers as in (5.1.b) are demi-normal.
Proof. It follows by induction on n using that f˜i are families of nodal curves. 
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The corresponding statement for the coarse towers as in (5.1.c) is slightly more involved and it
also uses the following two lemmas.
Lemma 5.10. [Kol13, Claim 1.41.1] Let (A,m) be a local ring of dimension 1 with residue field
K and normalization A. Further, assume that A is the quotient of a regular local ring. Then
A is nodal or regular if and only if m is the intersection of all maximal ideal in A over m, and
dimK
(
A
/
m
)
≤ 2.
Lemma 5.11. If X is demi-normal scheme of finite type over k (note k is assumed to be of char-
acteristic 0) with an action of a finite group G, then X/G is demi-normal as well.
Proof. Set Y := X/G. Then Y is S2 by [KM98, Proposition 5.4]. We are supposed to show that
for every codimension one point Q ∈ Y , Y is either regular or nodal at Q (nodal here is meant
in the sense of [Kol13, 1.41]). So, fix such a point Q. Let P be any of its preimages, and H the
stabilizer of P in G. Then X/H → Y is e´tale over Q. Hence, we may replace G by H , Y by
X/H and Q by any of the preimages of Q in X/H . Equivalently, we may assume that P is a fixed
point of G. By dropping the finite typeness assumption, we may further assume that X = SpecA
for a local ring (A,m) of dimension 1, and that P is the unique closed point of X . Let A be the
normalization of A, and K the residue field of A. Note, that Y is the spectrum of the local ring
(AG, mG), the normalization of Y is SpecAG and KG is the residue field of AG. Consider the
following isomorphisms over KG.
AG
/
mG ∼= A
G
/
m ∩ AG∼= A
G +m
/
m︸ ︷︷ ︸
second isomor-
phism theorem
∼=
(
A
/
m
)G︸ ︷︷ ︸
the action of G is
completely reducible
This implies the inequality
dimKG
(
AG
/
mG
)
= dimKG
(
A
/
m
)G
≤ dimK
(
A
/
m
)
.
Hence by Lemma 5.10, we are left to show that mG is the intersection of all maximal ideals lying
above mG in AG. Indeed, let {mi} be the set of maximal ideals over m in A. Then
{
mi ∩ A
G
}
is
the set of maximal ideals lying over mG in AG. Therefore, the intersection of the maximal ideals
of AG lying over mG is⋂(
mi ∩ A
G
)
=
(⋂
mi
)
∩A
G
= m ∩ A
G
= m ∩AG = mG.
Here, the third inequality follows from m ⊆ A and its consequence m ∩AG ⊆ A ∩AG = AG.

Lemma 5.12. The formulation of the coarse moduli spaces as in (5.1.b) and (5.1.c) are compatible
with base change (of U), conserves flatness (over U) and the coarse fibers (over U) are demi-
normal.
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Proof of Lemma 5.12. The compatibility with base change and conservation of flatness is shown
in [AOV08, Corollary 3.3]. Hence, in particular, the fibers of the coarse families are the coarse
moduli spaces of the fibers. So, we may assume that U is the spectrum of a field.
Next, note that since e´tale locally every fibers of X is a quotient of an e´tale chart of X by a
finite group [AV02, Lemma 2.2.3], e´tale locally every fiber is a quotient of a demi-normal scheme
of finite type over k by a finite group. In particular, it is demi-normal by Lemma 5.12.

The next lemma is used to show that from X of (5.1.c) being slc follows that X is slc as well.
Slc here means semi-log canonical [Kol13, Definition-Lemma 5.10].
Lemma 5.13. If f : X → Y is a finite, Galois cover of equidimensional, demi-normal schemes,
then
(1) if KX and KY are Q-Cartier and X is slc, then so is Y , and
(2) if f is unramified at the smooth codimension one points and there is no nodal codimension
one point of X mapping onto a regular codimension one point of Y , then for any compat-
ible choice of canonical divisors, f ∗KY = KX (pulling back Weil-divisors via finite maps
make sense [KM98, proof of Prop. 5.20] so we do not need any Q-Cartier assumption
here).
Proof. First, we set up the problem, and relate f ∗KY to KX , a computation that will be used in the
proof of both points. Let π : (X,D) → X and ρ : (Y ,E) → Y be the normalizations. Hence,
there is a commutative diagram as follows
X
f

(X,D)pi
oo
f

Y (Y ,E)σ
oo
,
where f is also a Galois cover. Let ∆i be the prime divisors over which f is ramified and let ri be
the ramification index of ∆i. Then
(5.13.a) KX = f
∗
(KY +
∑
i
ri − 1
ri
∆i).
Consider now two codimension one points x ∈ X and y ∈ Y such that f(x) = y. Note that if x is
regular point, then there is a normal neighborhood of f−1(y). Hence the quotient Y is also normal
in a neighborhood of y, so y is also a regular point. On the other hand if x is nodal, then y can be
either regular or nodal. In particular, D ≥ D′ for D′ := (f ∗E)red. Define then E ′ to be the sum of
the prime divisors appearing in E over which f is not ramified. Then,
(5.13.b) D′ = f ∗
(
E ′ +
∑
∆i≤E−E′
1
ri
∆i
)
.
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Hence,
KX +D
′ = f
∗
(
KY + E
′ +
∑
∆i≤E−E′
1
ri
∆i +
∑
i
ri − 1
ri
∆i
)
︸ ︷︷ ︸
by (5.13.a) and (5.13.b)
= f
∗
(
KY + E
′ +
∑
∆i≤E−E′
(
1
ri
∆i +
ri − 1
ri
∆i
)
+
∑
∆i 6≤E
ri − 1
ri
∆i
)
= f
∗
(
KY + E +
∑
∆i 6≤E
ri − 1
ri
∆i
)
(5.13.c)
Now, we may conclude the proofs of both points.
(1) Y is slc if and only if (Y ,E) is log canonical [Kol13, Defintion-Lemma 5.10]. For the
latter it is enough to show that (Y ,E + ∆) is log canonical for some effective divisor ∆.
However, this is shown in (5.13.c), using [KM98, Proposition 5.20] and that D′ ≤ D.
(2) First, note that π∗KX ∼ KX +D and σ∗KY ∼ KY + E. Second, if f is unramified at the
smooth codimension 1 points, then the sum in the last line of (5.13.c) is empty. In particular
then f ∗(KY + E) = KX + D′. Furthermore, by the other assumption D = D′. Hence,
the following computation concludes our proof (assuming that we have chosen compatible
representatives for KX and KY that avoid the nodal codimension 1 points).
KX = π∗π
∗KX = π∗(KX +D) = π∗f
∗
(KY + E) = π∗f
∗
σ∗KY = π∗π
∗f ∗KY = f
∗KY

Corollary 5.14. If π : X → X is the coarse moduli morphism introduced in (5.1.b) and (5.1.c),
then π[∗]ω[N ]X/U ∼= ωNX /U .
Proof. It is enough to show the isomorphism in relative codimension one [HK04, Proposition
3.6.2], i.e. we may replace X by its open locus where its fibers are either smooth or nodal. Then
ωX/U becomes a line bundle. Hence, it is enough to show for the corresponding Cartier divisors
that π∗KX/U ∼ KX /U . Since π is finite and birational, for any compatible choices of KX/U
and KY/U , π∗KX/U + E = KX /U for some divisor E supported on the locus where π is not an
isomorphism. Furthermore, E is independent of the choice of KX/U and KY/U as long as they
are chosen compatibly. We need to show that E = 0, or with other words its multiplicity mP (E)
is zero at every codimension one point P of X . Fix such a P . Let P ′ be the image of P in
X . For showing that mP (E) = 0, we may replace both X and X by e´tale neighborhoods of P
and P ′, respectively. So, by [AV02, Lemma 2.2.3] we may assume that X is a scheme with an
action of a finite group G, and X = X /G. Notice first that then X has demi-normal fibers as
well by Lemma 5.9. Second, notice that for compatible choice of KX /U and KX/U , none of the
components of KX /U − π∗KX/U contain a fiber over U , because X → X is isomorphism at the
general points of the fibers by Fact 5.3.3. In particular, it is enough to show that KXu−π∗uKXu = 0
for every u ∈ U and compatible choices of canonical divisors. Third notice that by points (4) and
(5) of Fact 5.3, Lemma 5.13.2 applies and concludes our proof. 
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Lemma 5.15. Consider the commutative diagram
X
ξ // Y
φ // B ,
where
(1) B is a smooth curve,
(2) φ is a family of pure dimensional stacks of the same dimension at least one,
(3) ξ is a flat family of one dimensional stacks, such that all fibers have only nodal or regular
points,
(4) ξ is smooth over B \ {0},
(5) ξ is smooth over a dense set of Y0.
Then, ξ is smooth.
Proof. Assume X is not smooth. Choose then a point P ∈ X , such that the fiber ξ−1(ξ(P )) is
nodal at P . By passing to e´tale neighborhoods of ξ(P ) and P , we may assume that all spaces
involved are schemes. However, then we obtain a flat deformation of a node such that the locus of
singular fibers has codimension at least two. This is impossible since the node has codimension
one in its versal deformation space. 
Finally a lemma used in the proof of Corollary 1.21
Lemma 5.16. The map π : K˜Fh →Mh is representable in the algebraic space sense.
Proof. By [AV02, Lemma 4.4.3], the statement of the Lemma is equivalent to saying that for every
algebraically closed field k and x ∈ K˜Fh(k), Aut(x) → Aut(π(x)) is injective. This follows
immediately from the fact that π is a forgetful functor, hence every automorphism of x is an
automorphism of π(x) which respects the extra structure, i.e., the intermediate tower levels, of
x. 
6. ARBITRARY BASES
Here we treat the arbitrary base case. That is, we allow U of Notation 1.13 to be affine too. Most
of the section is devoted to the proof of Theorem 1.22. However, the proof of Corollary 1.23 is
also included at the end of the section.
First we try to convey an intuition of why considering non-compact bases are much harder then
the compact ones. The basic problem is that an entire class of new deformations appear if U is
not compact. Intuitively the following happens. Consider a deformation of the tower in Notation
1.13, in the case of n = 2. Assume for simplicity that the deformation is such that the middle level
deforms too. That is, we have a diagram of two Cartesian squares:
X = X2
f
$$
f2

// X ′ = X ′2
f ′
{{
f ′2

X1
f1

// X ′1
f ′1

U // U × T
,
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where T is a (not necessarily projective) smooth curve. We also assume that f ′ is smooth. If U was
projective, then the smoothness of f1 and f2 and the open property of smoothness would imply that
f ′1 and f ′2 are smooth too. However, as soon as we pass from non-compact to affine base, neither
f ′1 nor f
′
2 have any reason to be smooth. In fact, they are not smooth in general.
Being in a more subtle situation means, that the proof in this case will be based on a different
method. In fact, we prove rigidity using the iterated Kodaira-Spencer map (Definition 2.5), as
stated in Theorem 1.22. In the entire section we work in the situation of Notation 1.13. Since
the statement of Theorem 1.22 is local, we assume that U is affine. To get rid of the indices, we
introduce Y := X1, g := f2, h := f1. Hence we are in the situation
(6.0.a) X g //
f
  
Y
h // U.
Consider the following diagram which becomes commutative with exact rows if we disregard the
vertical curled arrow.
(6.0.b) 0 // TX/U ⊗ g∗TY/U // TX ⊗ g∗TY/U // f ∗TU ⊗ g∗TY/U // 0
0 // TX/U ⊗TX/U //
OO

TX ⊗TX/U //
OO

f ∗TU ⊗ TX/U //
OO
0
0 // ∧2TX/U //
aa
∧2TX // f
∗TU ⊗ TX/U // 0
,
where
• the homomorphism TX/U ⊗TX/U → ∧2TX/U is the wedge product map,
• the homomorphism TX ⊗ TX/U → ∧2TX is the embedding TX ⊗ TX/U → TX ⊗ TX
composed with the wedge product TX ⊗TX → ∧2TX and
• the homomorphism ∧2TX/U → TX/U ⊗ TX/U is the splitting of the wedge product map,
given by a ∧ b 7→ 1
2
(a⊗ b− b⊗ a)
Recall the homomorphisms ρi from Definition 2.5. Our aim is to show that the map ρ2 : R1f∗(f ∗TU⊗TX/U )→ R2f∗(∧2TX/U )
is injective on the image of ρ1 : T ⊗2U → R1f∗(f ∗TU ⊗ TX/U ). Clearly, that will yield the injec-
tivity of ksf = ρ2 ◦ ρ1.
Notation 6.1. Taking long exact sequences of derived pushforwards of the rows of (6.0.b) yields
the following diagram. We also introduce names for certain homomorphisms in the diagram.
R1f∗(g
∗TY/U ⊗ f
∗TU)
η // R2f∗(TX/U ⊗ g
∗TY/U)
R1f∗(TX/U ⊗ f
∗TU )
β //
δ
OO
R2f∗(TX/U ⊗ TX/U )
OO
γ

R1f∗(TX/U ⊗ f
∗TU )
α // R2f∗(∧
2TX/U )
ε
aa
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Now we prove Theorem 1.22. In fact, important parts of the proof are done in Propositions 6.2,
6.4 and 6.5, afterwards.
Proof of Theorem 1.22. We use Notation 6.1. By Proposition 6.2 and Proposition 6.4 both δ and η
are generically injective. Hence, so is β. Consider now the following diagram.
T
⊗2
U ksf=ρ1
//
ν
**
TU ⊗ R
1f∗(TX/U )
β // R2f∗(TX/U ⊗ TX/U )
γ

T
⊗2
U
ksf=ρ1//
iksf
44
TU ⊗ R
1f∗(TX/U ) // R
2f∗(∧
2TX/U )
ε
aa
Since h has variation 1, the same holds for f . One reason is for example that a variety has only
finitely many dominant general type images up to birational equivalence (e.g., [HM06, Corollary
1.4]). Hence ksf is injective. Then ν := β ◦ ksf is generically injective and also injective, since
for homomorphisms from torsion free sheaves on varieties generic injectivity implies injectivity.
By Proposition 6.5, im ν ⊆ im ε. Since ε is a splitting of the surjection γ, this means, that γ maps
im ν injectively. Hence iksf = γ ◦ ν is injective too. 
The rest of the section deals with the propositions referenced by the proof of Theorem 1.22.
Proposition 6.2. In the situation of Notation 6.1, δ is generically injective.
Proof. Consider the following exact sequence.
(6.2.a) 0 // TX/Y // TX/U // g∗TY/U // 0
Since g has maximal variation, Xu → Yu is non-isotrivial for generic u ∈ U . Hence for generic
u ∈ U , ωXu/Yu is ample by Corollary 3.3. Then by Kodaira vanishing H1(Xu,TX/Y ) = 0. So,
R1f∗TX/Y is torsion. Hence, taking the long exact sequence of derived pushforwards of (6.2.a)
yields that the natural map
R1f∗TX/U → R
1f∗g
∗
TY/U
is generically an injection. 
For the next proposition we need a lemma first.
Lemma 6.3. If E is an ample vector bundle over a projective smooth curve, ξ : E → H a
generically surjective homomorphism onto a vector bundle, then ker ξ⊗detH is an ample vector
bundle.
Proof. First, since im ξ ⊆ H is of full rank, det(im ξ) is a sub-line bundle of detH . Hence, it is
enough to show that ker ξ ⊗ det(im ξ) is ample. With other words, by replacing H with im ξ, we
may assume that ξ is surjective.
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Assume now that there is a surjection φ : ker ξ ⊗ detH → M onto a line bundle. Then one
can form the pushout diagram
(6.3.a) 0 // ker ξ ⊗ detH //
φ

E ⊗ detH //

H ⊗ detH
0 //M

// F

// H ⊗ detH
0 0,
where F := E ⊗ detH
/
ker φ. Since E is ample, so is F ⊗ (detH )−1. That is,
degF > (rkF ) deg(detH ) = (rkH + 1) deg(detH )
= det(H ⊗ detH ).
This implies, by the bottom exact row of (6.3.a) that degM > 0 (notice, that by construction the
right most edge in that row is surjective). Hence all line bundle quotients of ker ξ ⊗ detH have
positive degree. If τ is a finite map of smooth curves, then the same holds for τ ∗(ker ξ ⊗ detH ),
since it is isomorphic to (ker(τ ∗E → τ ∗H ))⊗ τ ∗ detH and τ ∗E is ample too. This shows that
ker ξ ⊗ detH is indeed ample. 
Proposition 6.4. In the situation of Notation 6.1, η is generically injective.
Proof. To prove the generic injectivity of η we would need that
R1f∗(TX ⊗ g
∗
TY/U)
is torsion. First, we show that
(6.4.a) g∗(TX ⊗ g∗TY/U ) ∼= g∗TX ⊗TY/U = 0.
Consider the following exact sequence.
0 // TX/Y // TX // g
∗TY
// 0
Then by the pushfoward long exact sequence we obtain
0 // g∗TX/Y ⊗ TY/U = 0 // g∗TX ⊗TY/U
// TY ⊗ TY/U // R
1g∗TX/Y ⊗TY/U ,
where the last map is ksg tensored with TY/U . Since g has maximal variation, this map is injective,
which proves (6.4.a).
So, by the Grothendieck spectral sequence it is enough to show that
h∗R
1g∗(TX ⊗ g
∗
TY/U)
is torsion. By relative duality the following isomorphisms hold.
h∗R
1g∗(TX ⊗ g
∗
TY/U) ∼= h∗((g∗(ωX/Y ⊗ ΩX ⊗ g
∗ωY/U))
∗) ∼= h∗((g∗(ωX/U ⊗ ΩX))
∗)
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So it is enough to show, that h0(Yu, (g∗(ωX/U ⊗ ΩX))∗) = 0 for generic u ∈ U . In general
g∗(ωX/U ⊗ ΩX) is not a vector bundle, however being the pushforward of a torsion free sheaf it
is torsion free at least. Hence, since Y is smooth and dimY = 2, it is a vector bundle except
at finitely many points. By leaving out the images of those points from U , we may assume, that
g∗(ωX/U ⊗ ΩX) is in fact locally free.
Consider the following short exact sequence.
0 // ωX/U ⊗ g
∗ΩY // ωX/U ⊗ ΩX // ωX/U ⊗ ωX/Y // 0
By pushing it forward one obtains
0 // g∗ωX/Y ⊗ ωY/U ⊗ ΩY // g∗(ωX/U ⊗ ΩX)
// g∗(ω
⊗2
X/Y )⊗ ωY/U
µ // R1g∗ωX/U ⊗ ΩY ∼= ωY/U ⊗ ΩY ,
where the last homomorphism µ is the dual of ksg tensored with ωY/U . Again, imµ is not neces-
sarily locally free, but being a subsheaf of a torsion free sheaf, it is torsion free. Hence as before,
we may assume that it is in fact locally free. Then we see, that g∗(ωX/U ⊗ ΩX) is the extension of
two locally free sheaves: g∗ωX/Y ⊗ωY/U ⊗ΩY and ker µ. We conclude our proof, by showing that
(6.4.b) h0(Yu, (g∗ωX/Y ⊗ ωY/U ⊗ ΩY )∗) = 0
and
(6.4.c) h0(Yu, (ker µ)∗) = 0
for generic u ∈ U .
For the first one, since ΩY is the extension of two nef line bundles by Proposition 3.1, it is also
nef. The pushforward g∗ωX/Y is nef too (e.g., [Vie83, Theorem 4.1]) and ωY/U is h-ample. Hence
g∗ωX/Y ⊗ ωY/U ⊗ ΩY is ample on Yu for each u ∈ U . This implies (6.4.b) for every u ∈ U .
To show (6.4.c), notice that µ is generically surjective by the assumption Var g = 2. By possibly
restricting U we may assume that µ is generically surjective on each Yu. Notice, that h0(Xy, ω⊗2Xy)
is a constant function of y. Hence by [Har77, Corollary III.12.9], g∗(ω⊗2X/Y ) is locally free. Fix
some u ∈ U . If we restrict µ to Yu, using that imµ, ker µ and f∗(ω⊗2X/Y ) are locally free, we obtain
the exact sequence
0 // (kerµ)|Yu // g∗(ω
⊗2
X/Y )⊗ ωYu
µ|Yu // ΩY ⊗ ωYu ,
where the last map is generically surjective. Then, since det(ΩY |Yu) ∼= ωYu , by Lemma 6.3,
Proposition 3.1 and Lemma 3.2, (ker µ)|Yu is ample. Then (6.4.c) follows, since by ker µ being
locally free, (kerµ)∗|Yu ∼= ((kerµ)|Yu)∗. 
Proposition 6.5. The image of the composition
T
⊗2
U
//
ν
**
TU ⊗ R
1f∗(TX/U ) // R
2f∗(TX/U ⊗ TX/U )
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is contained in im ε (see Notation 6.1 for the definition of ε).
Proof. Since T ⊗2U is a line bundle and U is affine, by possibly restricting U we may assume that
TU
∼= OU . This yields a generator t of TU . We have to show that ν(t⊗ t) ⊆ im ε.
Since we assumed that U is affine, we can replace the derived pushforwards by global cohomol-
ogy in Notation 6.1. Then we get the following diagram.
H0(X, f ∗TU ⊗ f
∗TU)
ksf //
ν
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯
H1(X, f ∗TU ⊗ TX/U )
β

H2(X,TX/U ⊗ TX/U )
We are going to use Dolbeault cohomology to prove the statement of the proposition. Let t¯ be the
element of H0(X, f ∗TU) corresponding to t ∈ TU . Then there is an element a ∈ A 0,0(f ∗TU) in
the Dolbeault resolution corresponding to t¯. Let b ∈ A 0,0(TX) be any lift of a, and c := ∂¯b. By
abuse of notation we will view c both as an element of A 0,1(TX) and of A 0,1(TX/U ). Because of
the presence of two different wedge products (one on antiholomorphic forms, and one one tangent
bundles), we will need to write c in local coordinates:
(6.5.a) c :=
3∑
i=1
cidz¯i ci ∈ TX/U
First we compute ν(a⊗ a). To get ksf(a⊗ a), we have to compute a boundary homomorphism of
the exact sequence
0 // f ∗TU ⊗TX/U // f
∗TU ⊗ TX // f
∗TU ⊗ f
∗TU
// 0
So, we lift a ⊗ a to get a ⊗ b and then we apply ∂¯. We obtain the following (remember, a is
holomorphic, hence ∂¯(a) = 0).
ν(a⊗ a) = ∂¯(a⊗ b) = a⊗ ∂¯(b) = a⊗ c ∈ A 0,1(TX/U ⊗ f
∗
TU)
That is,
ν(a⊗ a) = β(ksf(a⊗ a)) = β(c⊗ a)
is obtained by feeding a⊗ c to the edge morphism of the exact sequence
0 // TX/U ⊗ TX/U // TX ⊗TX/U // f
∗TU ⊗TX/U // 0.
I.e., we lift a⊗ c to b⊗ c, and then we apply ∂¯. We obtain the following (remember, c is Dolbeault-
closed, hence ∂¯(c) = 0).
ν(a⊗ a) = ∂¯(b⊗ c) = ∂¯(b)⊗ c = c⊗ c ∈ A 0,2(TX/U ⊗TX/U )
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We conclude our proof by showing that ε(γ(c⊗ c)) = c⊗ c. This part is slightly confusing, so we
change to the local expression of (6.5.a).
ε(γ(c⊗ c)) = ε
(
γ
(∑
(ci ⊗ cj)dz¯i ∧ dz¯j
))
= ε
(∑
(ci ∧ cj)dz¯i ∧ dz¯j
)
=
∑ 1
2
(ci ⊗ cj − cj ⊗ ci) dz¯i ∧ dz¯j
=
1
2
∑
i<j
((ci ⊗ cj − cj ⊗ ci)dz¯i ∧ dz¯j
+(cj ⊗ ci − ci ⊗ cj)dz¯j ∧ dz¯i)
=
∑
i<j
(ci ⊗ cj − cj ⊗ ci)dz¯i ∧ dz¯j
=
∑
ci ⊗ cjdz¯i ∧ dz¯j = c⊗ c

Proof of Corollary 1.23. Assume we are in the situation described in Corollary 1.23. Then iksν◦τ
is injective. We want to prove that iksν is injective as well. Let f : X → U and f ′ : X ′ → U ′
be the families associated to ν and ν ◦ τ , respectively. In particular, then X ′ ∼= X ×U U ′ and
TX′/U ′
∼= (τ ′)∗TX/U , where τ ′ is the natural projection map X ′ → X .
For any 1 ≤ p ≤ n, let
0 = F p0 ⊆ F
p
1 ⊆ · · · ⊆ F
p
p ⊆ F
p
p+1 = ∧
p
TX
and
0 = F˜ p0 ⊆ F˜
p
1 ⊆ · · · ⊆ F˜
p
p ⊆ F˜
p
p+1 = ∧
p
TX′
be the filtrations of Definition 2.5 for g = f and g = f ′, respectively. From the construction of the
filtrations F p• and F˜ p• , one can see that there are natural morphisms φi : F˜
p
i → τ
∗F
p
i , such that
φi|F˜pj
= φj for every j < i. Furthermore, φi induce the natural homomorphisms
((f ′)∗ ∧i TU ′)⊗ (∧
p−i
TX′/U ′)→ ((τ
′)∗f ∗ ∧i TU )⊗ ((τ
′)∗ ∧p−i TX/U )
on the quotients via the isomorphism (2.5.a). Then, the short exact sequence (2.5.b) is compatible
with τ in the sense that there is a commutative diagram as follows.
(6.5.b) ∧pTX′/U ′ //

F˜
p
2
//

(f ′)∗TU ′ ⊗ ∧
p−1TX′/U ′

(τ ′)∗ ∧p TX/U // (τ
′)∗F2 // ((τ
′)∗f ∗TU )⊗ ((τ
′)∗ ∧p−1 TX/U )
At this point, we have to make a short digression. Let G be any of the finitely many sheaves onX
that has appeared in the proof. Generically on U , Rif∗(G ) commutes with base change by [Har77,
Theorem III.12. 8 and Corollary III.12.9]. Hence, by restricting U ′ we might as well assume that
Rif∗(G ) commutes with base change via τ for all the mentioned sheaves G . In particular, taking
the long exact sequence of derived pushforwards of the bottom line in (6.5.b) is compatible with
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base change via τ . I.e., (6.5.b) yields the following compatibilities of edge morphisms considered
in Definition 1.20.
T
⊗(n−p+1)
U ′ ⊗R
p−1(f ′)∗(∧
p−1TX′/U ′)
ρ′p //

T
⊗(n−p)
U ′ ⊗R
p(f ′)∗(∧
pTX′/U ′)

τ ∗(T
⊗(n−p+1)
U ⊗ R
p−1f∗(∧
p−1TX/U ))
τ∗ρp // τ ∗(T
⊗(n−p)
U ⊗ R
pf∗(∧
pTX/U ))
However, then we obtain similar compatibility for the composition of these edge maps as follows.
T
⊗n
U ′
iksν◦τ //

Rn(f ′)∗(∧
nTX′/U ′)
∼=

τ ∗T ⊗nU
τ∗ iksν // τ ∗Rnf∗(∧
pTX/U )
Notice first that the right vertical arrow is an isomorphism. Second, the homomorphism T ⊗nU ′ → τ ∗T ⊗nU
is isomorphism, since τ is e´tale. Hence, iksν is injective. Then, rigidity of ν follows via Theorem
1.9. 
7. RIGIDITY AND VARIATIONAL RIGIDITY
This is a minor addendum about how [VZ03a, Corollary 8.4] and [Kov05, Theorem 4.14] im-
plies Theorem 1.9. In the mentioned papers, the following rigidity property is shown for mor-
phisms with injective iterated Kodaira-Spencer morphisms.
Definition 7.1. A morphism ν : U → Mh from a manifold is variationally rigid, if for every
deformations ν ′ : U × T →Mh over a smooth irreducible curve T , dim(im ν ′) = dim(im ν).
However, this rigidity property a priori is slightly weaker than of Definition 2.2. Luckily, in
reality, at least for one dimensional bases, the two rigidity properties are equivalent as stated in
Proposition 7.2.
Before starting the argument, note that by usual base extension and restriction arguments we
may assume that we work over the complex numbers. Then we may also use the holomorphic
category at certain points. However, there will be some indication whenever we do that. With
other words, every space and map is algebraic unless otherwise stated.
Proposition 7.2. If a finite morphism ν : U → Mh from a smooth curve is variationally rigid,
then it is rigid.
The main ingredient in the proof of Proposition 7.2 is the uniformization of one dimensional
smooth Deligne-Mumford stacks, i.e. of smooth DM-curves, worked out in [BN06]. There, it is
shown that the possible universal covers of smooth DM-curves are the hyperbolic plane H, the
complex plane C or the weighted projective line P(m,n) for (m,n) = 1. First, we show the
Shafarevich conjecture over DM-curve bases in Lemma 7.4.
Definition 7.3. [BN06, Definition 7.3, Corollary 7.7] A smooth Deligne-Mumford curve, is hy-
perbolic if its universal cover is H. Equivalently, for algebraic DM-curve U , if there is a smooth
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algebraic curve V with an action of a finite group G such that U = [V/G] and for any such V , if
C is the smooth compactification of V , then deg ωC((C \ V )red) > 0.
Lemma 7.4. If ν : U → Mh is a finite morphism from a smooth Deligne-Mumford curve, then U
is hyperbolic.
Proof. Assume U is not hyperbolic. Then by [BN06, Proposition 7.2], its universal cover U˜
contains an open set U˜0 which is isomorphic to C \ {0}. Hence, there is a holomorphic map
C \ {0} → Mh with one dimensional image. Composing this with the exponential map one ob-
tains a holomorphic map C → Mh with one dimensional image. However, this is impossible by
[VZ03b, Theorem 0.1]. 
Second, we need a stacky version of the De Franchis Theorem shown in Lemma 7.8. The
proof of Lemma 7.8 also uses the algebraicity of certain holomorphic maps and some properties
of torsors shown in Lemmas 7.5 and 7.7.
Lemma 7.5. If X and Y are smooth projective curves, U ⊆ X is a (Zariski) open set and
f : U → Y a holomorphic map with finite fibers, then f is algebraic.
Proof. By the GAGA principle, it is enough to show that f extends to X . For that choose a point
P ∈ Y \ f(U). If a priori there is no such point, then by discarding finitely many points of U ,
we may find one. Choose an (algebraic) embedding ι : Y →֒ PN , such that Y is not contained in
any hyperplane, and there is a hyperplane H ⊆ Pn, for which (H ∩ Y )red = P . Let x1, . . . , xN be
the coordinate functions of Pn \H . Then, xi ◦ f are holomorphic. Furthermore, by the finiteness
assumption of the lemma, and the non-degeneracy of ι(Y ), xi ◦ f has finite fibers. Hence, every
xi ◦ f has non-essential singularity at every point of X \ U . However, then [1, x1 ◦ f, . . . , xN ◦ f ]
gives an extension of ι ◦ f over X , and consequently of f as well. 
Corollary 7.6. If X and Y are projective curves, U ⊆ X and V ⊆ Y (Zariski) open subsets and
f : U → V is a finite level covering map (or in particular a biholomorphism), then f is algebraic.
Lemma 7.7. If P → V × T is an H torsor, where V and T are smooth curves and H is a finite
group, then there is a finite e´tale cover T˜ → T , such that for any t ∈ T , P ×T T˜ ∼= Pt × T˜ as
H-torsors over V × T˜ .
Proof. First, we claim that for every t, t′ ∈ T , Pt ∼= Pt′ as schemes over V . By Corollary 7.6, it
is enough to show this isomorphism as holomorphic coverings, and then as topological coverings
of V . However, then to prove the claim, we may replace T by the unit disk D, in which case the
strong deformation equivalence of V and V ×T concludes the claim. Similarly, we may prove that
for every v, v′ ∈ T , Pv ∼= Pv′ as schemes over T .
Define then T˜ := Pv for arbitrary v ∈ V , V˜ := Pt for arbitrary t ∈ T and P ′ := P ×T T˜ .
Consider IsomV×T˜ (P ′, V˜ × T˜ ). It inherits an H-torsor structure from V˜ × T˜ . For any v ∈ V ,
P ′|{v}×T˜
∼= T˜ ×T T˜ ∼= H × T˜︸ ︷︷ ︸
the diagonal map T˜ → T˜ ×T T˜ is a
section, hence T˜ ×T T˜ is a trivial torsor
∼= V˜ × T˜ |{v}×T˜ ,
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and for any t ∈ T˜ ,
P ′|V×{t} ∼= P |V×{t′}︸ ︷︷ ︸
t′ is the image of t in T
∼= V˜ ∼= V˜ × T˜ |V×{t}.
Hence the restriction of IsomV×T˜ (P ′, V˜ × T˜ ) to any slice, in any of the two directions, is a trivial
H-torsor. That is, the action of the normal subgroups π1(V, v) and π1(T˜ , t) ⊆ π1(V × T˜ , (v, t))
on IsomV×T˜ (P
′, V˜ × T˜ ) is trivial, for arbitrary choice of basepoints. Then so is the action of
π1(V × T˜ , (v, t)) ∼= π1(V, v)× π1(T˜ , t). Hence, IsomV×T˜ (P
′, V˜ × T˜ ) is the trivial H-torsor, that
is, there is a global isomorphism as stated in the lemma. This concludes our proof. 
Recall that a morphism f : U → W is rigid if for every deformation f : U × T → W over a
smooth, irreducible curve T , ft = f for every t ∈ T .
Lemma 7.8. If f : U → W is a finite morphism between hyperbolic smooth Deligne Mumford
curves, then f is rigid.
Proof. Assume f is not rigid. I.e. it has a deformation f ′ : U × T → W , where T is a smooth,
irreducible curve, and f ′t 6= f for some t ∈ T . By applying Definition 7.3, there is a smooth curve
V and a group action of a finite groupG on V , such that U = [V/G]. This yields a map g : V →W
and its deformation g′ : V × T →W . Applying Definition 7.3 to W yields a smooth curve Z with
a finite group H acting on it, such that W = [Z/H ]. By the definition of stack quotient then the
maps f and f ′ correspond to H-torsors P and P ′ over V and V × T , respectively, endowed with
maps h and h′ to Z. The situation is summarized in the following diagram.
P ′
h′
$$■
■■
■■
■■
■■
■■
■■
■■
■■
■■
■■
■■
■

P

h
++❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲❲
❲❲❲
❲❲❲❲
❲❲❲
❲❲❲❲
❲❲
;;①
①
①
①
①
V × T
g′
$$❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍

V

g
++❲❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
❲❲❲
;;①
①
①
①
①
U × T
f ′
))❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
Z

[V/G] U
f //
<<②
②
②
②
②
W [Z/H ]
By Lemma 7.7, there is an e´tale cover ξ : T˜ → T , such that P ′ ×T T˜ ∼= P × T˜ as schemes over
V × T˜ . Let h′′ be the map P ′×T T˜ → Z given by the composition of the projection P ′×T T˜ → P ′
with h′. Then h′′ is a deformation of h over t˜. Hence (h′′)t = h for all t ∈ T˜ . However, by our
starting assumption f ′t 6= f for some t ∈ T , which implies that h′′t 6= h for some t ∈ T . This is a
contradiction. Hence our assumption was false, and f is rigid. 
Proof of Proposition 7.2. By Lemma 7.4, U is a hyperbolic curve. Define W to be the normaliza-
tion of im ν. Then W is a smooth DM-curve. Hence by Lemma 7.4, it is also hyperbolic.
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Take any deformation ν ′ : U × T → Mh of ν over a smooth, irreducible curve T . Since ν is
variationally rigid, ν ′ factors through W . That is, there is a commutative diagram as follows.
U × T
ν′
##ξ′ // W
ι //Mh
U
OO
ν
;;
ξ // W ι
//Mh
Since both U and W are hyperbolic, ξ is rigid by Lemma 7.8. That is, since ξ′ is a deformation
of ξ, ξ = ξ′t for every t ∈ T . However, then also ν ′t = ν for every t ∈ T . Therefore, ν is rigid,
indeed. 
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